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Motivation: A probabilistic 2-layer logic (e.g. P. Baldi, P. Cintula, C. Noguera 2020)

Au=p|TIL|-A|ANA|ALA

pu=pA)|1|0|~dloAdloVolo@dIPpOd
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Motivation: A probabilistic 2-layer logic

Ax=p|T|L|-A|ANA|AUA

pu=pA)|1|0|~dloAdloVeloDPlPpOd

> Classical logic axioms for the non-modal formulas

> @ is associative, commutative, with 0 as neutral element
> & preserves all finite non-empty meets and joins

> @ and & are residuals of each other
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Motivation: A probabilistic 2-layer logic

Ax=p|T|L|-A|ANA|AUA

pu=puA)|1|0~dloAdloVoloDdlpOd

A1. From A + B infer u(A) + u(B);

A2. u(=A) 4k~ u(A) ;

A3. (u(A)e u(A A B)) @ u(B) 4+ u(A v B);
Nec. from T + A infer 1 + u(A).
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Motivation: A probabilistic 2-layer logic

Ax=p|T|L|-A|JANA|ALA

pu=pA)|1|0|~dlopAPloVoIo©PIPOP

» Semantic framework:

> Classical formulas are interpreted in a Boolean algebra B.
> Probability formulas are interpreted on an (MV-)algebra C.
> 1 :B — C, a monotone map.
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Proper Multi-type Display Calculi

> Display property:
YrX>Z
XY+ Z

XrZ<Y
display rules semantically justified by adjunction/residuation

> Multi-type: Separate syntactic types for different types of
semantic objects

> Proper: Rules closed under uniform substitution (Wansing
'98) within each type

» Canonical proof of cut elimination (via metatheorem)
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Display calculi and correspondence

1. The algorithm ALBA (properly adjusted) can transform an
analytic inductive inequality into primitive quasi-inequalities.

2. Analytic rules in display calculi semantically correspond to
primitive quasi-inequalities.
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Display calculi and correspondence: An example

iff
iff
iff
iff
iff
iff

Y[<CoOp < O00p]

VielOp < $p]

Vi< eOOp & <Op<m=i<m]
Vii<elj&j<Op&Op<m=i<m]
Vi<elj& @j<p&Op<m=i<m]
Vi< eOj&O®j<m=i<m]
Ve j < Oeof]

iff

V[eOp < Cepl (ALBA for primitive)

Ceptrz ceX+Z
—_— W —_—
*Optz eoX+Z
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Which logics are properly displayable?

[Kracht 96], [Ciabattoni*15], [Greco*16]

Complete characterization:

1. the logics of any basic normal (D)LE;
2. axiomatic extensions of these with analytic inductive

inequalities:
+¢ < —Y
A,V A,V
+f’ —8 -8 +f

S /NN AN N
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The gaps

1. Many-sorted signature and heterogeneous connectives.
2. The connective u is monotone not normal.
3. The connective & is regular (for join preservation).
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Monotone modal logic as a 2-sorted frame

A monotone neighbourhood frame [Chellas 80], [Herzig* 96], [Hansen 03]

N:=W,v: W - PPW))

can be represented as a 2-sorted n-frame:

K:=(X,Y,R,,R5,Ry,R3) where

» X:=W and Y :=PW);
» R, CXXY wR,Z iff Zevw)

» R.CYXX ZRsw iff weZ forallxe XandZe Y.

Vo = ([3]lp

iff
iff
iff
iff
iff

N,w I Vg

AZ(Z e v(w) & Z C )
AZWwWR,Z &z (z€Z = ZIF ¢))
AZWR,Z&VZ(ZR5z2= 7z - )
AZWR,Z & Z \+ [3]p)

K,wir (W[3]e
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Monotone modal logic as a 2-sorted frame

A monotone neighbourhood frame [Chellas 80], [Herzig* 96], [Hansen 03]

N:=W,v: W - PP(W))

can be represented as a 2-sorted n-frame:

K:=(X,Y,R,,R5,R,\c,Rz) where

» X:=W and Y :=PW);
» R CXXY wR,Z iff Z¢viw);

» Ry CYXX ZRyw iff weZ foralxeXandZeY.

Vo = VB

iff
iff
iff
iff
iff

N,w I Vg

VZ(Zgviw) = ¢ ¢2)
VZWR,Z = Az Z & z€¢Y))
VZWRx<Z = Az(ZRyz & z € ¢V))
VZWRyeZ = Z I (3)p)

K, w ik V()¢
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Monotone modal logic as a 2-sorted frame

A monotone neighbourhood frame [Chellas 80], [Herzig* 96], [Hansen 03]

N:=W,v: W - PP(W))
can be represented as a 2-sorted n-frame:
K:=(X,Y,R),R5,Ryc,R3)
and as a heterogeneous m-algebra:
H := (PX), PX), (), [3], ], ()

(1] (€)
P(X) T PY) P(X) 1 PY)
$2 [2]

> (v) and [3] (resp. [v‘] and (#)) multi-type normal operators.
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Monotone modal logic algebraically

Let A, Ay be complete lattices and V : A; — A, be a monotone
map. We define maps:

> [3],(3) 1 Al = P(A);
> V), [V P(A1) = Ay;
[Bla:={beA|b<al (WB:= \/{VblbeB}

V1B := /\{Vb | b ¢ B} (Bra:={beAlatb)

Then [3], (3), (v), [v“] are nhormal operators and

Va = (v)[3]la = [V (B)a.
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Positional translation

If F is a monotone n-frame, ¢ =  is an Ly-sequent, F* its
associated two-sorted n-frame, then

Fro=y iff F*IKt(p=y).

(o= ¥) = 11(p) F T2(Y)

) = p np) = p
T AY) = T1i() ATI(Y) T AY) = 12(p) AT2(Y)
71(Ve) = BIni(e) (Vo) = [PURIT2(0)

> Positional translation allows us to transform more sequents
into analytic inductive sequents.
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Display calculi and correspondence revisited (CGPT21)

Correspondence-theoretic characterizations such as the

following are well known [Hansen 03]:

FEVp - p iff VaVZ[Zev(x)=> xeZ].

Translation to multi-type: Vp — p ~» (W)[3]p — p,

which is Sahlqvist (in fact also analytic), so ALBA will succeed.

Yp[(»m[2lp < pl
it VYmYp[(j < [3]p & p < m) = (v)j < m]
it Vjivm[j < [3]m = (v)j < m]
ifft VjiVvm[{e)j <m = (v)j < m]
it Vi[O < (€l

which yields the following structural rule:

@érrXx
MHI'rX

First approx.
Ackermann
Adjunction
Ackermann
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Multi-type language

The language of the multi-type display calculus for Ly is as follows:

A=p|T|L|-AJANA| Wa | la
S
X:=A|T|L| =X |XAXIXUX| ML | DEIT | (& | [¢]0

a:=[3]A | (BA
N
C:=a|1]10] RCITATITUT| 31X | )X | [1X | ()X
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Basic multi-type proper display calculus

Pure S-type and N-type calculi + multi-type fragment:

> Display postulates

MHIrrX G)YX+rT (WXETD (err X
I'-[A1X S F[EIT X+F[T Tk [31X

> Logical rules

MatkX ra
WMatr X T+ Wa

ArX I'-[3]A
PIAF[B]X Tr[3]A
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Axiomatic extensions of monotone modal logic

(BT T (BYETA(EA) - O Tk [3] 2(&)A
N————— c - > - —
+F T NTA A+ [¢]0 MA+ (T
BNET +A P I+[3]1 I'+[31X

@XNHIC'F A Tr 3P e X
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ALBA rules

1. First approximation:
¢y

ihy<¢ Yy<mg

2. Adjunction rules:
XSy @y
XOY2 <Y
3. Approximation rules:
Y1®@Yyr<m
yiens<m yr<n

4. Ackermann rule:
a<p&B(p)<y(p) = i<m
Bl@) <y(@) = i<m
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ALBA rules for regular connectives (PSZ16)

» Adjunction rules (only for unary regular connectives):
fp) <y
FL <y g<mpy

> Approximation rules:

i< f(9)
li<fl % [i<s¢ is<f(hl

i< k(ae;”wek_)

® <k T v Tow & &io<g0 & &uesm)

+ -
PCel.NCe,

ABLA succeeds: But only when non-unary regular connectives
appear exclusively in the skeleton.
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Spelling out the approximation rule

We have:
i<yiey, &

[i<0s0]OR

[i<j®0&j, <y¢]OR
[i<0®j, &j, <y»] OR
i<ji®h &)y <y¢1 &jp <yl

vV v vy
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An example

Vilpegeg<pVdql
iff Vli<(peg@®qg&pVg<m=i<m]
iff Vii<(jemej,&ji<mé&j,<n&j,<m=i<ml&|..]
iff Vjj<mé&j,<n&j,<m=(jion®j,<ml&l...]

Which yields the following structural rule:

X1+ XHoH Y, XY

£3 = = 9
X16Y)dXo Y VY3
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The red bracket

» We have 3 cases:
1.i<080&pvg<m=i<m
2. i<p&ph<g&pvVg<m=i<m.
3.i<ji&ji<pog&pVvg<m=i<m.

> All 3 cases are tautological statements.
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Putting everything together

Au=p|T|L|-A|AMA|ALA
a:=[3]A](3A
p:=Ma|Da|l|0|~¢lpAplpVelgd|pOD

A1. From A + B infer (v)[3]A + [VI(3)B;

A2. (N[3]A(=A) b~ (MI[3]A and ~ [V KB)A F D I(B)-A ;
A3a. (M[3lAe [V IKB)A A B) @ (WI31B + [V IENA V B);
A3b. MBIV B) F (D IKBYA © (nBI(A A B) ® [V I(2)B;
Nec. from T + A infer 1 + [V(B)A.

Q
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Structural rules

> Al
BNETFA
QAN+ A
> A3a.
GHUEXENFZ (BUEX+W (BNEY FW
NHXE ()Y EDFZ) F VW
> Nec.

N GTrT
1rDer
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A glimpse of completeness

A+ B
[31A + [31B
(&)[31A+ B
(BNEBIAF (B)B
@YN[IA - ()B
(M[BIA F [*1(3)B
NM2]AF D KB)B
WA D KB)B
_ TrA
N BTE@A
1F [I3)A
1+ [FKBA
L+ D KBA
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A glimpse of soundness

The most important question:

X6Y+Z

X+ZoY
YHZ6X
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Conclusions

> Proof system for probabilistic logics
» General and modular tools to tackle the problems
» What about cut elimination?
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