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Belnap-Dunn square 4 [Belnap 19]

Belnap-Dunn square (4, A, v, ) is a de Morgan
algebra.
@ (4,A,V)is a lattice
@ each element represents the available
positive and/or negative information
n: no information
f: false (is bottom)
t: true (is top)
b: contradictory information

@ - is an involutive de Morgan negation.

t

SN
NI

n

f

b

Belnap-Dunn

square 4

/26



Belnap-Dunn Logic: models [Dunn 76]

Language. Lgp > ¢ :=p € Prop|oA@|eVe| e J

Models. M = (W, v',v- : W x Prop — 4)
vt (p): states where one has information supporting the truth of p
v~(p): states where one has information supporting the falsity of p

Semantics. Two satisfaction relations I+, I~

w et piff we vT(p) w e piffwe v (p)

wEeT —giff we ¢ wE —piff weT ¢
WET gAY iffweT gandwEeT ¢ wE pAQ IffwE porwE ¢
wet ove iffwe gorwet ¢ we gve iffwr gandwe ¢
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Non-standard probabilities: frame semantics [Klein et al]

@ Independence of the probability assigned to positive and
negative information

@ Extend BD model with a classical probability measure.

A probabilistic BD model is a tuple M = (W, v', v, m), s.t.
@ (W,vt,v")is a BD model and

@ m: W — [0,1] is a mass function on Wi.e. Y gcy m(s) =1

Positive probability of ¢: p*(¢) := > {m(s) | s ¢ }.
Negative probability of ¢: p~(¢) == > { m(s) | s ¢ }.

Remark. positive evidence and negative evidence are
independent, hence p™(¢) and p*(y) are independent.
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Non-standard probabilities: axioms

[Klein et al] Lemma 1
Let M = (W, v, m) be a probabilistic BD frame. Then the
non-standard probability function p* induced by m satisfies:

(A1) normalization 0 < pT(y) <1
(A2) monotonicity  if ¢ Fgp ¥ then pT () < pT ()
(A3) import-export  p* (¢ Ay) +pF (e V) =pT(e) +pT(¥).

v

° p(¢) =p*(-¢)

@ These axioms are weaker than classical Kolmogorovian ones.
Additivity does not hold and is replaced by AS.

@ Ingeneral pt(—¢) #1 - p*(p)

@ Treatment of inconsistent information: one can have
0<pT(en-v)

.
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Non-standard probabilities: intuitive representation

Representation of non-standard
probabilities. continuous extension of
Belnap-Dunn square, which we can see as

the product bilattice Lig 1] © Ljg 1 (1,0)
with Lo 1] = ([0, 1], min, max). Q\
@ (p*(¢),p (¢)): positive and negative (0,0) 0D (1,1)

probabilistic support of ¢.

@ (0,0): no information concerning ¢ is
available (0,1)

@ (1,1): maximally conflicting
information
@ vertical dashed line: “classsical” case
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Belief functions and plausiblity functions

Let f: P(S) — [0, 1] be a monotone function such that f(0) = 0
and f(S) = 1.
@ fis a belief function if, for every k > 1, and for every
A1,...,Ax € P(S), it holds that

f[\/ Ai]z D, [AA] (1)
1<i<k Jcii }

jed

.....

J+ o

@ fis a plausibility function if, for every k > 1, and for every
A1, ..., Ac € P(S), it holds that

f[ A Ai]SJ > ) )i [VA/] @)

1<i<k jed
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Mass function

Let bel, pl : £(S) — [0, 1] be a monotone function such that
f(0) =0and f(S) =1,and m : $(S) — [0,1].

Definition

m is a mass function if 3 acp(s) M(A) = 1.

Theorem

- bel is a belief function iff there is a mass function
Mpel : P(S) — [0, 1] such that, for every A € P(S),

bel(A) = > Mpei(B)

B<A

- if bel is a belief function, then pl(A) = 1 — bel(=A) is a plausibility
function.

- if pl is a plausibility function, then bel(A) = 1 — pl(=A) is a belief
function.

.
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Representation of evidence. Example

@ m: P(S) — [0,1] is computed based on the evidence

@ bel(A) = Yo m(B) : the evidence supporting a

@ pl(A) =1-bel(-A) = Ygnaz0 M(B) : the evidence not
contradicting A

@ bel(A) < pl(A).

Scenario. A patient has disease a, b or c.
A doctor says “the patient has disease a or b with certainty 0.7.”
The doctor gives no information about disease c.
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Representation of evidence. An example

Scenario. A patient has disease a, b or c.
A doctor says “the patient has disease a or b with certainty 0.7.”
The doctor gives no information about disease c.

Representation
@ S={a,b,c}and m,bel,pl: P(S) — [0,1]
@ m({a,b}) = 0.7 and m(S) = 0.3.

abc

SN

A
%
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An example

A doctor says “the patient has disease a or b with certainty 0.7

Scenario. A patient has disease a, b or c.
The doctor gives no information about disease c. J

Representation
@ S={a,b,c}and m,bel,pl : P(S) — [0,1]
@ m({a,b}) =0.7 and m(S) = 0.3.

We get:
bdG})—bdGb) bel({c}) =0
bel({a, b}) = XxciapymM(X) = 0.7  pl({a, b}) = 1 - bel({c}) = 1
pl({a}) = pl({b}) = 1 pl({c}) = 1 - bel({a, b}) =

@ m({a, b}): the ‘probability’ that the disease is in the set {p, g}
without being able to say to which subset it belongs.

@ if m is non-zero only on singletons, then bel and pl are
probability functions.
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Dempster-Shafer combination rule

Let m¢ and my be two mass functions on a powerset algebra £(S).
Dempster-Shafer combination rule computes their aggregation
M4g2 as follows.

Mig2 : P(S) - [0,1]
0 ifX=0
X =4 Y{my(X7) - ma(X2) | X1 N Xo = X}
Z{m1(X1) . m2(X2) | X1 N Xs # @}

otherwise.

Normalization factor:

Z{m1(X1) . mg(Xg) | X1 N Xo # @}
=1- Z{m1(X1) . mg(Xg) | X1 N Xo = @}
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Problems. sometimes counter intuitive conclusions

A patient has disease a, b or c.
Doctor 1: “the patient has disease p with certainty 0.9 and disease
g with certainty 0.1.”
Doctor 2: “the patient has disease r with certainty 0.9 and disease
g with certainty 0.1.”

Representation

S ={a,b,c}
m1({a}) = 0.9 and m¢({b}) = 0.1.
mx({c}) = 0.9 and my({b}) = 0.1.

Dempster-Shafer combination rule gives

Mig2({b}) =1
because {a} N {b} ={a} n{c} = 0.
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Our proposal over BD

Define belief and plausibility on BD-models

Let Prop be a finite set of variables.
M = (W, v*, v, bel) with bel : (W) — [0, 1].

belt(¢) :=bel(|¢|™) and bel (¢) := bel(|¢|")

bel™: belief function on the associated Lindenbaum algebra Lgp.
bel™: belief function on L. J

Remark. if 1 and T are not in the language bel™ (resp. pI™) are
general belief (resp. plausibility) functions.
Consequence. 0 < ¥ ,c oo Mye+(a) < 1
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Combination of evidence

Let £ be a finite distributive lattice.

Without L and T

Mig2 : L — [0,1]

X - Z{m1(x1) “ma(X2) | X1 A X2 = x}.

With L and T

Mig2 : .£—> [0,1]
0 if x =1
X =9 2Amy(x1) - ma(x2) | X1 A X2 = X}
2Amy(x1) - mz(x2) | x4 A X2 # L}

otherwise.
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Examples. The two doctors

Scenario. A patient has disease a, b or c.
Doctor 1: a with certainty 0.9 and b with certainty 0.1.
Doctor 2: ¢ with certainty 0.9 and b with certainty 0.1.
Representation. m{,m, : DMz — [0, 1]

09 ifx=a 09 ifx=c
mi(x) =4 0.1 ifx=0>b ma(x) =4{ 0.1 ifx=0b
0 otherwise. 0 otherwise.

Dempster-Shafer combination rule gives

081 ifx=aAc

0.09 ifx=aAborx=bAc
0.01 ifx=b

0 otherwise.

Mig2(X) =

beligz2(a) = belig2(c) = 0.9 and belig2(b) = 0.19 )
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Examples. The two doctors

Representation. m{,mz : DMz — [0,1]

09 ifx=aA-b 09 ifx=-bAc
mi(x) =3 0.1 ifx=-aAb my(x)=4 0.1 ifx=bA-c

0 otherwise. 0 otherwise.

Dempster-Shafer combination rule gives

081 ifx=aAn-bAc

0.09 ifx=aAbA-bA-corx=—-aAbA-bAcC
001 ifx=—-aAbA-c

0 otherwise.

m1@2(x) =

beligz2(a) = belig2(c) = 0.9 and belig2(b) = 0.19 )
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Examples. The two doctors

Representation. my,my : DMz — [0,1]

0.1 fx=—-aAbA-cC

09 ifx=aA-bA-cC
mi(x) =
0 otherwise.

0.1 fx==-aAbA-cC

09 ifx=-aA-bAc
ma(x) =
0  otherwise.
Dempster-Shafer combination rule gives

081 ifx=aA—-aA=-bAcCcA-C
0.09 ifx=aAn—-aAbA-bA-C

Mig2(X) = orx=-aAbA-bAcA-C
0.01 ifx==-aAbA-c
0 otherwise.

beligz(a) = beligz(c) = 0.9 and belyg2(b) = 0.19
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What about plausibility?

@ 1 —Dbel™(—¢) defines a plausibility function
@ We can have bel™(¢) < 1 — bel™(—¢)
@ We can define plausibility independently of belief

M = (W, v, v, bel, ply with bel, pl : P(W) — [0, 1].
belt(¢) :=bel(|¢|") and bel (¢) := bel(|¢|")
pI*(¢) :=pl(lgl") and  pl~(¢) = pl(ig")

@ What kind of two-dimensional reading of belief/plausibility can
we propose?

@ How can we interpret it?
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Two-dimensional interpretation (1/2)

Non-standard probabilities

Models: (W, v, v_,m: W — [0, 1])
pt(¢) = Yselgrt M(s) and p~(¢) = Xseg- M(S)

Immediate generalisation for belief.

Non-standard probabilities

Models: (W, v*,v~,bel : P(W) — [0, 1])
bel™(¢) = Zxcgrr M(X) and bel™(¢) = X xcp- M(X)

@ pt(¢), belt(¢): the probability/belief that ¢ is true
@ p~(¢), bel™(¢): the probability/belief that ¢ is false

@ bel™ is monotone and in [0, 1], it satisfies the axioms of belief
functions instead of

import-export: p* (¢ Ay) + pT (e V) =pt(e) +pT(¥).
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Two-dimensional interpretation (2/2)

Models: (W, v', v~ bel,pl : P(W) — [0, 1]) )

@ Notice that in BD logic |¢| = (1, 1) reads as: there is evidence
that ¢ is true and evidence that ¢ is false.

@ In the classical case, bel(¢) = 1 — pl(—9).
— interpretation: pl(—¢) is the degree of evidence against
bel(¢) — (bel™(¢),pI™(¢))
— pl~(¢) maximum evidence against ¢ we can consider

@ Consider both belief (bel™ (¢), bel(¢)) and plausibility
(pI™(¢),pl"(¢)) independently

o If we ask bel(X) < pl(X), for X € (W), then bel and pl come
from different mass functions.
— one piece of evidence does not support belief and
plausibility in the same manner.
— the same piece of evidence gives rise to two mass
functions

e.g., circumstantial evidence vs. direct evidence
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Example.

So St 1 p So : —p S3 : p,7p

Assume that bel(X) < pl(X) and bel(jp A =p|™) = 1. J
Therfore, we have

Z Mpei(X) = Mpei(X) = Mpei(2) + Mpei({S3}) = 1.

XClpA-plt Xc{ss}

Mpel(@) = 0, hence myg({S3}) = 1.
We get

t<pllpr-p) = D, ma(X)= >, mu(X)

X¢lpA-pl~ X¢glpl-Vlpl*
= D, Mu(X)=my(S)
X¢{s1,52,83}

Therefore, evidence that is strongly persuasive considering p A —p
is inconclusive regarding the plausibility of either p or —p.
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